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Introduction 

Let G be a group and Z[G] its integral group ring. Every two-sided ideal a in 
the integral group ring Z[G] of a group G determines a normal subgroup Gfl (1 -f a) 
of G. The identification of such normal subgroups is a fundamental problem in the 
theory of group rings. On expressing the group G as a quotient of a free group F, 
the problem can clearly be viewed as an identification problem in the free group 
ring Z[F]. Let g denote the augmentation ideal of Z[G]. In analogy with the case 
when a is a power g”, n > I, of the augmentation ideal and the corresponding 
subgroup, denoted Dn{G), is called the nth dimension subgroup of G, we call the 
normal subgroups Gn(I-fa + g"),n > I, generalized dimension subgroups. For 
every group G and integer n > 1, it is easily seen that Dn{G) > jniG), the nth 
term in the lower central series of G. It is well-known that D^{G) = 73 (G), or, 
equivalently, that Fn(l+rZ[F']+f^) = Rj^lF) for every free presentation G = F/R. 
A relationship between generalized dimension subgroups and derived functors in the 
sense of Dold-Puppe [1] is noticed on considering the subgroup F fl (I + cf -b f^) 
(Theorem [T^l [5] , Theorem 3.3). Motivated by this observation, our aim in this 
paper is to explore further relations between generalized dimension subgroups and 
derived functors. We expect our approach will initiate further work leading to 
deeper understanding of generalized dimension subgroups. 

Based on the investigations of Narain Gupta [3, we identify, in Section 1, 
generalized dimension subgroups F n (I -b a -|- f'^) for various two-sided ideals a 
in a free group ring Z[F]. In view of the fact that the dimension series {F„(G)}„>i 
and the lower central series {7n(G)}„>i, in general, cease to be identical from 
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n = 4 onwards, the identification of these subgroups becomes of particular interest. 
Typical of the cases that we consider is the identification of the subgroup 
Fn(l + frf + f^) (Theorem^. In Corollary [TUI we show that f fl 11 + ]+f'*i < 

i? 74 (F), thus answering Narain Gupta’s Problem 6.9(a) in [7]. This 
result, however, leaves open for future investigation the interesting question whether 
F n (1 + + p+i) < i? 7 „+i(F) for some n > 4. 


In Section 2 we exhibit how some of the generalized dimension subgroups are 
related to derived functors. Our main result here is Theorem 1131 relating 
F n (1 + frf + f^) to the homology of the Eilenberg-MacLane space K{Gab, 2), 
where Gab is the abelianization of the group G = F/R. More precisely, we prove 
that, if Gab is 2-torsion-free, then — Li SP^(Gab), where Fi SP^ is the 

first derived functor of the third symmetric power functor, and there is a natural 
short exact sequence 

(1) ^ H,K{Gab. 2) - Tor(Gab, Z/3Z). 

[R, R, F]74(F) 

Consequently, if Gab is p-torsion-free for p = 2, 3, then there is a natural 
isomorphism 


( 2 ) 


F n (1 + frf + f) 
[F, R, F]74(F) 


HrK{Gab, 2 ). 


We define a functor ils(4l) on the category 21 of abelian groups (see Section 2 for 
definition) and prove (Theorem 114)) that if G is a group and F/R its free presenta¬ 
tion, then 


Fn(l + r^f + f) 
73(^)74(^’) 


F2£^(Gab). 


In Section 3 we study limits of functors from the category of free presentations of 
groups to the category of abelian groups, and show their connection with quadratic 
and cubic functors. Our main results on limits are Theorems M and M where we 
show, in particular, that 1^ ^ ^ ^^{R)MF) and ^ 

with certain derived functors. In particular, we show (see Theorem ll6D that 


l^m 


IsjF) 

[R, R, F]74(F) 


FiSp3(Gab). 


For background results, we refer the reader to the monographs [7] and m and 
the article [9]. 


1. Generalized dimension subgroups 

Let F be a free group with basis X. Then the augmentation ideal f of the group 
ring Z[F] is a two-sided ideal which is free as a left (resp. right) Z[F]-module with 
basis {x — l\x € X} ([6 ],p. 32). Thus every element u G f can be written uniquely 
as 

U= '^xU{x-l)= (a: - l)Ua;. 

*'uez[F],xex xex,'Uj.ezfF] 

We refer to xU (resp. Ux) as the left (resp. right) partial derivative of u with respect 
to the generator x. 
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Let F be a free group of finite rank with basis {xi, ... , Xm}, ei, 62 , ■■■, Cm 
integers > 0 satisfying em|em-i| • ■ • |ei, and S = , ■■■ , 72 (F)). For a 

two-sided ideal a of the group ring Z[F], set 


D{n, a) :=Fn(l + a + r). 


For 1 < i < m, let 

, . j 1 + Xi + ■ ■ ■ + x’^' if > 1 , 

t{Xi, ei] ■— < 

^ \ 0 , ifei = 0 

Recall the following result of Narain Gupta (12], Theorem 3 . 2 , p. 81). 

Theorem 1 . For all n > 1, modulo [72(F), 5']7„+2(F), the group D{n + 2 , fs) is 
generated by the elements 


[xi, , 1 < i < j < m, 


where Oij = aij(xj, ... , Xm) S Z[F] and 

t{xi, ei)aij G t{xj,ej)Z[F] +sZ[F] +f”. 

The cases n = 1, 2 of the above Theorem yield the following identification. 

Theorem 2 . (i) Modulo 72(5')73(F), 

^(3, fs) = {[xT^ Xj]\l <i < 3 < m). 

(a) Modulo 72 (S') 74 (F), 



Proof. We sketch the proof for (ii), the computations for (i) are similar and simpler. 

It is straight-forward to check that all elements [Xi\ with 

I < i < j < m, ej|fj-("|)ay, and the subgroup 72 ( 5 ) 74 (F), are contained in 


F(4, fs). 


Conversely, let w G F(4, fs). Then, observe that modulo 72(5')74(F), w = 
n™ 1 Wi, where 


m 



i=i+l 

with dij = dij{xi, ... , Xm). From eq.(l) it follows that 


( 4 ) 


dij G t{xi, ei)Z[F] -|- + a. 


where a = Z[F]( 72 (F) — 1). Thus we have, modulo 74(F)72(5'), 


m 



j=i+l 


where Oij = aij{xi ,..., Xm) G Z[F]. 
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6 ^) ^ ^ € f “t“ S. 

i=j+i 


Eq.(3) is equivalent to saying that 

( 6 ) 

Recall that for i < j, ej\ei. Modulo p +s, 

m / \ m 

(7) t{xi^ ei) y ^ (xj — = {ci “I" ( Q ) ~ 1)} ^ ^ i^j ~ 1)^0 

ii^j ~ ( 9 ) ~ ^ V i^j ~ 1 )^ 0 ' 

rrt /X /X m 

j—i+1 j \ / V / j— 

Since all terms in the last expression are in we can assume that the elements 

dij G 


j^i+l 

m 

= E 


e* 


j=i+l 


Since SP^(F/S') ~ f^/(C +®)) eq-(5) holds if and only if 



Note that the latter divisibility requirement holds if the former does. Thus we have 
the claimed identihcation. □ 

Since D(4, fs) < Z)(3, fs) and 74 (E) < 73 (E), we have a natural map 

e : E( 4 ,fs)/ 72 (E) 74 (E) ^ E(3, fs)/ 72 (E) 73 (E). 

We claim that 0 is a monomorphism. To this end, we need the following 

Lemma 3. 73 (E) n E(4, fs) < 74 (E) 72 (S'). 


Proof. Let w G 73(E) n E(4, fs). Then, modulo 74(E), w = Oi^i 
Wi = P [[xj, Xi], e E(4, fs), Oijk G z. 

j>i^k 

We then have 

aijk[xj - l){xi - 1) - {xi - l){xj - l)](xfc - 1) G C + fs. 

j>i<k 

Comparing the right partial derivatives with respect to Xj, we have, for each j > i, 
^aijkixi - l)(xfc - 1) e f +sZ[F]. 

k>i 

This is possible if and only if Cfcla^fc for each k > i. But then [[xj, Xi], XkY'^^ G 
74 (E) 72 (S'), and the assertion stands proved. □ 
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Corollary 4. The natural map 

e : D{4, fs)/ 72 ( 5 ) 74 (F) ^ 7^(3, fs)/ 72 ( 5 ) 73 (i^) 
is a monomorphism, and the cokernel of 0 is an elementary abelian 2-group. 


Proof. Suppose w G D{i, fs) fl {'j 2 {S)j 3 {F)). Then w = uv, u G 'y 2 {S), v G 'ysiF). 

Since u G I?(4, fs), it follows that v G 'J 3 (F) n £>(4, fs), and therefore, by Lemma 
m S 74 (F) 72 (S'). Hence 0 is a monomorphism. 

The subgroup D(3, fs) is generated, modulo j 3 (F)j 2 (‘S'), by the elements 
[Xj, x^'], j > i. From the identification of D(4, fs) (Theoremj^), note that [xj, G 
D(A, fs). It thus follows that coker 0, which is isomorphic to the quotient 

Difi, fs)/(44(4, fs) 73 (i"), 
is an elementary abelian 2 -group. □ 

Theorem 5. If F is a free group with ordered basis {xi < ■ • ■ < Xm}, 

S = {x\^, ..., a:®"*, 72 (F')), em|em-i| • ■ • |ei, and R is a normal subgroup of F 
satisfying i? 72 (F') = S, then the following identifications hold: 

(i) 0(4, ftf)) is the subgroup generated, modulo 74 (F), by the elements of the type 

• [[xj, Xi], xuY\ i, j, k G {1, ... , m}, j > i; 

• [[xj, Xi], XjY, j > i, ej]e, e^]2e. 

{ii) D{4, rfr) is the subgroup generated, modulo 74 (F), by the elements of the type 

• ][xj, Xi], XkY'^'’^, i, j,kG{l, ... , m}, j > i; 

• Xi], x^Y, j > i, {ejei)]e, ef|2e. 

(m) F(4, r2f-Prfr + fr2) = [[F,F],F]74(F). 

(iv) F(4, f^r-|-rf^) = the subgroup generated, modulo 74 (F), by the elements [[xj, Xi], XkY, 
where j > i < k, e^je, if k Y Y O'lxd when k = i, then ej]e, and ei]2e. 


Proof, (i) Note that F(4, frf) = F(4, fsf) < 73 (F). We first check that for i, j, k G 
{ 1 , ... , m}, the simple commutator 

(9) [[a;^, Xj], XkY' ^ ^{4, fsf), provided j > i. 

Modulo f^, we have 

(10) [[Xj, Xi], XkY' “ 1 = (^i{[Xj - YiXi - 1) - [Xi - l){Xj - l)]{xk - 1) 

- {Xk - l)[(Xj - l)(Xi - 1) - (Xi - l)(Xj - 1)]}. 

Since j > i, both ei{xi — 1) and ei{xj — 1) lie in sZ[F] + Y, and consequently 
(IH) holds. Next, consider [[xj, Xi[, Xj], j > i, and let e be an integer such that 
ej]e, ei]2e. Then, modulo f^, we have 

(11) ][Xj,Xi],XjY-l = 

e{[Xj - l){Xi - 1) - (Xi - l){Xj - l)](Xj - 1) 

- (Xj - l)[(xj - l)(x* - 1) - (x* - l)(Xj - 1)]}. 
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Given ei|2e and e^je, it follows that the above expression lies in f"' + fsf. 

Let X be the subgroup of F generated by the elements of the type [[xj, Xi], XkY' , 
*, j, fc G {1, ... , m}, j > i, and [[xj, x*], xjY, j > i, ej\e, ei\2e. 

Recall that the quotient ^ 3 {F)/^i{F) is a free abelian group with basis 
{[[xj, Xi], Xk]j4iF) \1 < i, j, k < m, j > i < k}. 

Let w G £>(4, fsf). Then, modulo 74 (£), w = 

Wi — [[^i; ; ^ijk ^ 

By descending induction on i, it follows that Wi G £>(4, fsf) for each 
i = 1, 2, ..., m — 1. Now, modulo fsf + f"^, 

( 12 ) ILi .— Wi 1 — ^ ^ 1 )(^I 1 ) i^Xi l)(Xj l)](xfc 1 ) 

- {Xk - l)[{Xj - l){Xi - 1) - (Xi - l){Xj - 1)]}. 
Considering the left partial derivative of Wi with respect to Xi, we have 

(13) ^.Wi = ^ay4(xj - l)(xi - 1) - 2(xi - l){xj - 1)] 

j>i 

^ ^ O'ijki^^k ^ f 

j>iy k^i 


Considering the right partial derivative of xiWi with respect to Xi, we have 


(14) 

and, therefore 


2aiji{xj — 1) G f^ +sZ[£], 


(15) ^ ^ ^iji {Xj l)(Xj 1) ^ ^ Ojijk{xk 1)(^4 ^) ^ f ~f 

j>'i k>i 

Since the second term in (fTSl) does not contain Xj, it follows that 

(16) Qij^iXj - l)(x, - 1) G f + fs 


j>i 


and 

(17) 


Y aijk{xk - l){xj - 1) G f + fs. 

j>2, k'>i 


From the inclusion (fTHI) . it follows that “ 1) G + sZ[£], and 

consequently 


(18) 

It thus follows that 
(19) 


ei\aiji for all j > i. 


[[xj, Xi], Xj]“«‘ G X74(£). 
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On taking right partial derivative with respect to Xfc, k > i, the inclusion (HID 
shows that we have 

(20) E 0.ijk{Xj — 1) € P +sZ[i^], 

j>i 

implying that 

(21) ej\aijk for j > i, k > i. 

Plugging the foregoing divisibility conditions, obtained so far, back in m , we see 
that 

(22) ^ ^ {ojijk 1) (^/c ^)] 

j^iKk, j^k 

+ ^ ) 2aijj[{xj — \){xi — l){a;;; — 1)] G f + fsf. 

j>i 

Considering the left partial derivative with respect to Xk, we have 

(23) 'y + 0,ikj){Xj — \-){Xi — 1) G + fS. 

j>i 

It thus follows that 

(24) ei\{aijk + aikj) for all j > i, k > i. 

The inclusion (|22)) thus reduces to 

(25) E - 1)(^* - - 1) G f + fsf> 

j>i 

implying that 

(26) ei\2aijj for all j > i. 

Consequently 

(27) GX74(i^). 

For j > i < k, j ^ k, we have 6^1(0^^^ + aikj), therefore, modulo X 74 (F), 

(28) \[xj, Xi], Xkf'^^\[xk, X,], Xj]°-'>‘i 

= [[xj, Xi], XkY'-^’’-[[xk, Xi], Xj] 

= ^j], ^i] ~ 1; 

provided k > j. Here the first equality holds because ei]{aijk + aikj), and 
^Xk,Xi],XjY^ G X 74 (F), while the second equality holds in view of Hall-Witt iden¬ 
tity, and the last equality holds because ejlo^fe. Similar argument shows that the 
same conclusion holds if j > k. 

The foregoing analysis shows that Wi G X'j 4 {F), and thus the proof of (i) is 
complete. 

The proofs of (ii)-(iv) are similar and so we omit the details. □ 

The preceding theorem identihes a set of generators for D{A, fxf)/j 4 {F) in terms 
of the basic commutators [[xj, Xi], Xk], j > i, i < k oi weight three. An easy 
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calculation on these generators shows that another identification can be given as 
follows: 

Theorem 6 . If F is a free group with ordered basis {xi < ••• < Xm}, S = 
{xf^, ..., x®™, '^ 2 {F)), Gm\e-m-i\ ■ ■ ■ \gi, o,nd R is a normal subgroup of F satisfy¬ 
ing R'j 2 iF) = S, then the subgroup -D(4, frf) is generated by the set X consisting 
0/74(F) and the elements of the type Xi], j > i, 1 < k < m satisfying 

• ei|e, ifk^j 

• ej I e, e^\ 2e, k=j 


Clearly the subgroup [[F, R], F] C 1 + frf, and is generated, modulo 74 (F), by 
the set Y consisting of the elements 

[[xj, Xi],Xfe]®*®F j > i, I <k <m. 

Hence we have 


Corollary 7. F(4, frf)/[[F, R], F]j 4 {F) ^ {X)/{Y)j 4 {F). 


Theorem 8. The subgroup F(4, r^f) is generated, modulo 74 (F), by the elements 
[[xj, Xi], XkY*^'‘, 1 < i, j, k < m, j > i < k, where 

flcm(eiej, CiCfc, ejek), k ^ i 


^ijk — 




k = 


Proof. As in the proof of the previous result, we have 

F(4, r2f)=F(4, s2f)< 73 (F). 

It is easy to see that the triple commutators occurring in the statement of the 
theorem lie in D{4, s^f). Further, if re G F(4, s^f), then 

m —1 

w ^ Wi = [[Xjj j > i < k, w^ € D(4, s^f). 

Modulo s^f + f^, we have 

(29) Wi -1 = ^ ayfc{[(xj - l)(xj - 1) - (xj - l){xj - l)](xfe - 1) 

j>i^k 

- (Xfc - l)[(Xj - l)(x* - 1) - (x* - l){Xj - 1)]}. 
Considering the left partial derivative with respect to Xj, we have 

(30) a^Ji{{xj - l)(x* - 1) - 2(xi - l){xj - 1)} 

j>i 

- Y - l)(Xj - 1) G + f. 

j>i<k 
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Observe that is a free abelian group with basis 

[xi - l){xj - 1) + f, 1 < j < m, 
and is generated by the elements 

eiCjixi - l)(a;j - 1) + f, 1 < j < m. 

Thus the inclusion (|3n]) yields 

(31) CiCj , ejCklaijk for j > i < k, 
and in turn 

(32) ^ Qijkixk - l)ixj -1) + f. 

j>i<k 

The above inclusion then yields 

(33) BjCklaijk for j > i < k. 

The congruence (12911 now implies that 

(34) y] aijk{[{xj-l){xi-l)-{xi-l)[xj-l)]{xk-l) 

j>i<k 

+ {Xk - l){xi - l){xj - 1)]} G S^f + f. 
Considering the left partial derivative with respect to Xj, we obtain 

(35) aijj[{xj-l){xi-l) - {xi-l){xj - 1 )]+ ^ aijfe(xfc - l)(xj - 1) G + f . 

j>i<k 

Thus we have 

(36) e^ejlaijj, eiek\aijk for j > i < k, 
forcing (1551) to yield 

(37) eiCjlaijk.ioT j > i < k. 

The various divisibility conditions derived above for the integers Uijk clearly suffice 
for the claimed assertion. □ 


Theorem 9. (i) D{ 3 , s^) = j 2 (S) mod 73(F). (ii) D( 4 , s^T,[F]) = 72(5') mod 74(F). 
Proof. Clearly 72(5) < 1 +s^. 

(i) Let w G F( 3 , s^). Then, modulo 73(F), w = XiY'P Oij G Z, with 

Y^iixj - l){xi - 1 ) - {Xi - l){xj - l)]ay G f +s^ 

j>i 

Comparing the right partial derivative with respect to Xi, we have 

j 

Comparing the right partial derivative with respect to xj, we conclude that 

CiCj I Oij. 


Hence it follows that 


Y[[xj, = Yilx''/, b,j G Z, 

j>i j>i 
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and consequently w G 73 (F) 72 (S'). 

(ii) Let w G D{4:, s^Z[F]). By part (i), we have 

w = Wo mod 72 ( 5 ') 

for some Wq G 73 (-F)- We claim that Wq G 74 (i^) 72 ('S')- Now, modulo 74 (-F), 

Wo = ICi = [[Xj, Xi], Xk]°''^'‘, Qijk G Z, 

i 

and, as can be seen by descending induction on we have, modulo +s^Z[F], 

(38) Wi 1 — ^ ^ l)[(xj l)(xj 1) (xj l)(xj 1)] 

j>i^k 

- {{xj - l)(a;i - 1) - {Xi - l){xj - l)]{xk - 1)}. 
Comparing the right partial derivative with respect to Xi, we have 

(39) ^a^ji[{xj - l)(a;j - 1) - (a;* - l){xj - 1)] 

j>i 

+ "^{xj - l(a;fe - l)aijk S f + t{xt, e^)5Z[F] + fs. 
j, k 

Next, comparing right partial derivative with respect to Xj, we have 

a^ji{xi - 1) + - l)a^jk € f + e^t(xj, ej)Z[F] +e4 + sZ[F]. 

k 

Thus it follows that 

(40) 6 k I Clijkj ^ ^ d 
The condition (l40)) implies that 

Wi = w^iWi2, Wii = Xi], wa = [[a;^, x^], Xk]°‘'^‘ 

j>i j>i<k 

with Wi 2 G 72 (<S') 74 (F’). Consequently, we have 

Wii — 1 G C + s^Z[_F], 

i.e., 

(41) Yla^ji{{xi - l)[(a;j - l)(a;i - 1) - {xi - l){xj - 1)] 

j>i 

- [{xj - l){xi - 1) - (a;^ - l){xj - l)](a;j - 1)} G f +5‘^Z[F]. 
Comparing right partial derivative with respect to Xj , we have 
dijiixi — 1)^ G C + t(xj, 6j)s + fs. 

Next comparing right partial derivative with respect to Xi, we have 
{xi — l)aiji G + ejt(xi, ej)1j\F] + e^f + sZ[F’]. 

Thus it follows that | aiji. Hence wn G 'y 2 {S)^ 4 {F). □ 
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On observing that 72 ( 5 ') < {'-f 2 {R)j 3 {F))ri{Rj 4 {F)), we have the following result 
of which (ii) answers Narain Gupta’s Problem 6.9(a) in 

Corollary 10. (i) D(3, t^) = 'Y 2 iR)l 3 {F) and (ii) D{A, r^Z[F]) < Rj^^F). 

If 7 I is a nilpotent ring of exponent n + 1, i.e., = (0), then under the circle 

operation 

a o b = a + b + ab, a, b G A, 

we have a group (tI, o), called the circle group of A. Suppose we have a homomor¬ 
phism 6 : G ^ {A, o). Then we can extend 0, by linearity, to a ring homomorphism 

9* : Z[G] ^ R. 

It is then clear that 0*(0*) < .4*, and, in particular, 

r(0"+i) = (0). 

Thus we have the following: 

Proposition 11. (Sandling |14j l If a group G embeds in the circle group of a 
nilpotent ring of exponent n -I- 1, then the (ji+l)th dimension subgroup D„+i(G) = 

{!}• 

As a consequence of the above Proposition and the existence of nilpotent groups 
of class three without dimension property, we note that, in general, a nilpotent 
group of class three cannot be embedded in the circle group of a nilpotent ring of 
exponent four (see m)- 

In the foregoing discussion, we have identified the subgroups 

D{A, a) = Pn(l-f a-bf) 

for various two-sided ideals a C f. In each of these cases F/D{A, a) embeds in the 
circle group of the nilpotent ring f/(a -I- f^) of exponent four under the map 

/Zl(4, a)^ f-l + a + f. 

Thus in each of these cases we are getting a nilpotent group of class three which has 
the dimension property, i.e., a group whose dimension series agrees with its lower 
central series. 


2 . Derived functors 

Let us recall the construction of derived functors in the sense of Dold-Puppe [4] . 
For an endofunctor F on the category 21 of abelian groups, the bigraded sequence 
Li{—, n), J > 0, n> 0, of derived functors of F is defined by setting 

L,F{A, n) = TT,{FKP,[n]), A e 21, 

where P*[n]* ^ A is a projective resolution of A starting at level n, and K is the 
Dold-Kan transform, inverse to the Moore normalization functor from simplicial 
abelian groups to chain complexes. We are concerned only with the case when 
n = 0, and, as such, we drop the index n and write LiF[A) := Li{A, 0). Our aim 
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in this section is to explore relationship between generalized dimension subgroups 
and derived functors. 

Recall that, if SP^(A) denotes the second symmetric power of the abelian group 
A, then A i-A SP^(pI) is a non-additive functor of degree 2 on the category 21. As 
observed in [8], the functor Li SP^ is related to the generalized dimension subgroup 
D{3, —). Let us give another proof of that relationship. 

Theorem 12. Let G be a group, Gab its abelianization G/^ 2 {G), and F/R a free 
presentation ofG. Then 

(42) Li SF\Gab) = D{3, rf)/72(R)73(A). 


Proof. Set F = Fab, R — .^ 72 (A)/ 72 (A). Then Gab — F/R. Let {xi}i^i be a free 
basis of F. The standard identifications 

F F FAF 72 (A) 

R^ F vf -I- ’ R A R 72 ( A)73 (a) 

induced by Xi 0 % {xi — l){xj — 1) -f rf -f and Xi A xj i-A [xi, Xj]')2{R)l3{F) 
respectively, imply that there is a natural exact sequence 

(43) 

' ' ■l 2 (Jth 3 (F) ifAif 

Now recall that the Koszul complex 

(44) 0 ^ RAR^ R(giF ^ SP^(F) 

defines the object L SP^ (Ga&) of the derived category of abelian groups; therefore, 
iLi of the complex (l44ll is naturally isomorphic to AiSP^(Gaf)) ([3], [II]). The 
claimed identification (14211 follows from the following commutative diagram with 
exact columns 

RAR> -^ R( 8 )F -^ SP^(F) 

Y V 


AAA>-^ A® A -^ SP^(F) 


FaF _^ F<S)F 

RaR r<s>f 

where the middle sequence is the standard Koszul exact sequence and the lower 
horizontal map is the map from (1431) . □ 

Let us next recall the well-known description (see, for example, MacLane [12)1. 
of the derived functor = Tor^^^ : 21 ^ 21. Given A G 21, the group Tor^(A) is 
generated by the n-linear expressions Th{ai,a 2 ) (where all Oi belong to the subgroup 
hA := {a € A\ha = 0}, h > 0), subject to the so-called slide relations 

(45) Thk{ai, 02 ) = Th{kai, 02 ) 
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for all i whenever hkai — 0 and ha 2 = 0 and analogous relation, where the roles of 
ai, 02 are changed. 

The natural map > SP^ induces a natural epimorphism 

(46) (A) ^LiSp2(A) 

which maps the generator Th{ai, 02 ) of Li (g)^ (A) = Tor(A, A) to the generator 
Ph{ai, 02 ) of Li SP^(A) so that the kernel of this map is generated by the elements 
Th{a, a), a G uA. 

It is shown by Jean in [10] that 

(47) L^ SP3(A) - (Li SP^(A) (8> A)/Jacs, 
where Jacs is the subgroup generated by elements of the form 

iShixi, X 2 ) ^Xs- /3hixi, X 3 ) '»X 2 + Phix 2 , X 3 ) 0Xi 

with Xi G hA. 

There is a natural connection between these functors and the homology of 
Eilenberg-MacLane spaces K(n, n) (see, for example, [5], |3]). In particular, there 
are natural isomorphisms 

2) ^ LiF^iA), HrK{A, 2) ^ LiT^iA) 

where P^, P^ are divided square and cube functor respectively. The natural trans¬ 
formations SP^ —P^, SP^ —>■ P^ induce, for A G 21, the following exact sequences 
('flu]. [5]) (which do not split functorially): 

0 ^ Li SP^(A) ^ H^KiA, 2) Tor(A, Z/2Z) ^ 0 

and 

(48) 0 Li SP^{A) HrK{A, 2) ^ Tori (A, A, Z/2Z) © Tor(A, Z/3Z) ^ 0 

We are now ready to present our main result on the relation between generalized 
dimension subgroups and derived functors. 


Theorem 13. If Gab is 2-torsion-free, then 


0(4, frf) 


[R, R, F]74(F) 

and there is a natural short exact sequence 
D{4, frf) 


~LiSp3(Gafc) 


(49) 


-A HrK{Gab, 2) ^ Tor(Gaf„ Z/3) 


[R, R, F]ji{F) 

In particular, if Gab is both 2-torsion-free and 3-torsion-free, then there is a natural 
isomorphism 

m, w) 


(50) 


[R, R, E]74(E) 


HrK{Gab, 2 ). 


Proof. Let us first consider the natural homomorphism 


q : Li SP^(Gaf,) © Gab 

Q{F, R) := 


{[[Xj, Xj], XkY\ rn> j > i>l, l< k < m)^ 4 {F) 

[R, R, F]74(F) 
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defined by 

q : X 2 ) [xi, X 2 , R, F]^i{F), x’l, X 2 € R'y^iF). 

Clearly, q is an epimorphism. For X3 £ F such that Xg G i? 72 (F), observe that 


(51) q{f3h{xi,X2) 0X3 - Ph{xi,X3) (g) X 2 + Ph{x2,X3) ®Xi) = 

[xi, X 2 , X 3 ]'‘[xi, X 3 , X 2 ]"'‘[X 2 , X 3 , Xi]'‘.[i?, R, F]ji{F). 

By Hall-Witt identity, this element is trivial in Q{F, R). By (I47p . the map q factors 
through Li SP"^(Gab). That is, we obtain an induced epimorphism 

q' :LiSP\Gab)^Q{F,R). 

The formula for cross-effect of Li SP^ is given as follows (see [3], [IQ]): for abelian 
groups A, B, 

Li SP\A © H) = Li SP3(H) © Li SP^{B) © Li SP^{A\B), 
with a short exact sequence, which splits (unnaturally) 

(52) 0 (Li SP^(H) © H) © (H © Li SP^(H)) Li SP^{A\B) 

Tor(Sp2(H),H) ©Tor(H, SP^(H)) ^ 0. 

Observe that using the formula for cross-effect of a polynomial functor together with 
the value of the functor on cyclic groups one can compute the value of the functor 
on any finitely generated abelian group. Since Li SP^(Z//Z) = Li SP^(Z/ZZ) = 0 
for any / > 0, we can easily compute Li SP^(Gab). It turns out that the group 
Li SP^(Gab) is freely generated by triples w{i, j, k), i < j < k, and j, k), 
i < j <k, such that the exponent of w{i,j,k) and of t(i, j, k) is exactly e(fc): 


(53) Li SP^(Gab) ^ {w{i, j, k), i < j < k, t{i, j, k), i <j < k \ 

e{k)w{i, j, k) = e{k)t{i, j, k) = 0 ) 


The map q' then is given as follows: 


w{ij,k) i-A [xj,Xi,XkY% 
t{i,j,k) i-A [xk,Xi,XjY\ 


Observe that, as an abelian group, the group Q{F, R) is freely generated by brackets 
[xj, Xi, Xfc]®C i < j with relations ([x^, Xi, 2 ;^]®“)*'=™!®.)’'='=) = 1 . Hence q' is an 
isomorphism. 

Observe that, if Gab is 2-torsion-free, Corollary [7] implies that there is a natural 
isomorphism 


QiF, R) ^ 


DiA, frf) 


[R, R, F]74(F)- 

The sequence (14911 and the isomorphism (15011 now follow from the isomorphism 
Q{F, R) = Li SP^(Gab) and the sequence (l48ll . □ 


We point out that. Theorem 1161 Ivl from the next section implies that, for any 
free presentation G = F/R, there is a natural embedding 


LiSp3(Gab)-^ 


m, w) 

[R, R, F]74(F) ■ 


The proof of [1^] (v) is not combinatorial. 
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For an abelian group A define to be the abelian group generated by 

brackets {a, b, c}, a, b, c € A which are additive on each variable, with the following 
defining relations: 

{a,b, c} = {b,a,c}, 

{a, b, c} + {c, a, b} + {b, c, a} = 0 . 

This construction defines a functor : Ab —^ Ab, which we call the third super Lie 
functor. The difference between and the third super-Lie functor considered 
in [3] is that, in general, {a, a, a} ^ 0 in and one can get the functor £5 as a 
natural quotient of £5 by brackets of the type {a, a, a}, and we have the following 
commutative diagram: 


A(g)Z/3Z 

Y 

SP^{A)> -^ SP^(yl)(g)A -^ £3 (A) 



T^(A)> -^ r2(A)(g)A -^ Ll{A) 


A^ZfSZ® {A<S> A<S)ZI2Z) - A® A®Z/2Z. 


Theorem 14. If G is a group and F/R its free presentation, then 

73(i?)74(F) - 

Proof. Let us first construct a natural model for the element L2,\{(Gab) of the 
derived category of abelian groups. We have the the following commutative di¬ 
agram: 


K^{R)> -^ K^{R)®R -^ 

'' Y Y 

K^{R)®F> -^ K^(R) ® F ® {R® R® F) -^ R®R®F 


R®SP^{F)> -s- R®SP^{F)®{F®R®F) - F®R®F 




SP3(F)> 


SP2(F) 
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where the left vertical complex is the Koszul complex representing the element 
LSP^(Gah), the middle complex is the tensor product of the Koszul complex with 
R ^ F. Also we have the following commutative diagram: 


L^(R)> -^ R(^R(S)F -^ i?(g)F(g)F -^ 

Y Y 

L^{F)> -s- F(^F(S)F -5- F(g)F®F -^ 


L^{F)/L^{R) 


FCSF(8)F 

_R®F®F 


FigiFCSF 

Figi_R(giF 


in which the middle horizontal sequence is exact. Since the upper horizontal 
sequence models L£^(Ga&), the kernel of the lower left horizontal map is L 2 'C^(Ga&). 
On invoking the identifications 

our assertion follows from the following natural exact sequence 


0 ^ 


^(4, r^f) 


£^{F)/£^{R) 


A (g) A O A ■ 


□ 


3 . Limits 

Let 21 be the category of abelian groups. A representation of a category C is 
a functor F : C ^ Let 21*" denote the category of representations of C. The 
diagonal functor diag : 21 —>■ 21^ is the functor that maps an abelian group A to 
a constant representation C —21, namely, the one which sends all objects from C 
to A and all morphisms to idn- The limit of a representation lim is a left exact 
functor : 21'' —)• 21. There are different equivalent ways to define this functor, 
one way, for example, is to define it as the right adjoint functor to the diagonal 
functor. We refer the reader to the recent paper [9] for the theory of the functor 
l^m and its derived functors. If C is a category such that for any two objects G 
and C there exists a morphism f : C ^ C. then, for a functor, F : C ^ iA, ^im F 
is the largest constant subfunctor of F and one can perceive ^im F as the largest 
subgroup of F{C') which does not depend on G. 

Let Q be the category of groups, and £ the category of free presentations 

E : 1^ R^ F ^ G ^1 

of G G 17. Then, every functor F : £ ^ Qi gives rise to a functor 17 —>• 21, G n- Im F. 
It is naturally of interest to examine the limits of such functors. For example, if 
F : £ ^ G is a functor satisfying F{E) C ^n{F), n > 2, then we have a functor 
F : £ ^ 21, E 1 -^ ')n{F)/F{E)^n+i{F), and there arises the problem of describing 
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l^m T. We examine in the present section instances of this type. Let us first recall 
an observation from [^. 

Let C be a category with pairwise coproducts, i.e., having the property that for 
any two objects Ci, C 2 € C there exists the coproduct Ci Ci U C 2 C '2 in 
C. Then, for any representation : C —>■ 21, there is a natural transformation 

(54) ^T{CUC), 

given by Tj^ c = (-^(* 1 )) -^(* 2 ))- The representation of C is said to be 

monoadditive (resp. additive) is a monomorphism (resp. isomorphism) 

for all C e C. The following observation gives a useful tool for description of limits 
(see [5]): 

If J- : C ^ % is a monoadditive representation, then ^im T = 0. 


Theorem 15. (Quadratic functors) 


(*) ^ =^^{Gab) 


(ii) lim 


[R, F]j3iF) 
72 (T") 


= 72(G)/73(G) 


(i?n72(i^))73(T’) 

Proof. The cases (i), (ii) are obvious, since the representations in (i), (ii) are 
constant. To prove the case (iii), consider the exact sequence 


(55) 


G(3, rf) 
[R, R]j3{F) 


There is a natural isomorphism 


f 

rf + f 


, 72(F) 

RbsiF) 

= Gab 0 Fab. 


f 

Vf + f 


The representation Gab <8) Fab is monoadditive; moreover, it is, in fact, additive. 
Therefore, its limit is zero. The statement (iii) follows from the identification of 
the left hand side of (1551) with Li SP^(Gah) (see Theorem [12]). □ 


Let us next recall the definition of the tensor square for a non-abelian group. 
For a group G, the tensor square G ® G is the group generated by the symbols 
g ^ h, g, h G G, satisfying the following defining relations: 

(56) fg®h={gf ®h^ )[f®h) 

(57) f ® gh= {f ® g){f^ ^ 
for all f,g,hG G. 

The exterior square 


GAG:=G®G/{{g®g\gG G) 
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is naturally isomorphic to [F, F]/[R, F], Since Gab A Gab = 72 (F)/([i?, F]'y 3 {F)), 
there is a natural isomorphism 


13{F) 

[R, F]njs{F) 


ker{G A G —>■ Gab A Gab} 


Theorem 16. (Cubic functors) 


(*) 


{ii) 

{in) 

{iv) 


(v) 

(vi) 


y IsjF) 

^ [R, F, F]j4 {F) 

13{F) 

^ (i?n73(i"))74(F) 

IsiF) 


lim 

lim 

lim 

lim 


i[R, F]njs{F))-f4{F) 

'r3{F) _ ^ ^3 


= F^Gab) 

= 73(G)/74(G) 

= ker{G/ 73 (G) A G/jsiG) ^ Gab A Gab} 


l3{R)^4iF) 

IsjF) 

[ 72 (i?), F]^ 4 {F) 

73(F) 


[R, 72(F)]74(F) 


= L2£^(Gab) 

= LiSp3(Gab) 

= 0 


Proof. The cases (i) - {Hi) are obvious, since the representations are constant. 
{iv) Consider the exact sequence 


D {4, v ^ f ) 73(F) f 

73(F)74(F) 73(i?)74(F) r^f + f 


The right hand representation lies in the short exact sequence 


0 ^ i?® Fab ^ F®3 ^ ^ 0, 


where R = R/Rn[F, F], By Proposition 3.7 in [9], ^ *F(g)F®Fab = 1^ "F^(^ = 
0, i > 0. Hence, lim = 0. Consequently, the statement (iv) follows from 

Theorem [TH 
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(v) Consider the following commutative diagram with exact rows and columns 

K 


K^{R)®F = K^{R)®F 

Y 


A3(i?) K^{F)> -^ K^{F)®F - L^{F) 


K> -^ K^{F) 


A^(F) 

A2(fi) 


0 F 


73 (E) 

[R,R,E]74(F) 


L2 SP^ (Gab) 


where F = Fab, R = R/Rrij 2 {F) and K = ker{A^(i?) 0 Fab ^ L^{Fab)}- It follows 
from Prop. 3.7 in [^, that 


[72(i?),F]74(F) 

The arguments similar to those given in the proof of Theorem 8.1 in imply that 

Im 2 A^{R) = LiSP^Gab) 
and thus the asserted statement follows. 


73 (F) 


= 1^ 2 ^ ^ 2 A^{R). 


(vi) Observe that [R, ^2{F)]j4{F) = [F 72 (F), 72 (F)] 74 (F). Setting S = Rj 2 {F), 
there is an equality 


[72(F), 5']74(F) = (72(6') n73(F))74(F). 

We have the following commutative diagram with exact rows and columns: 

D(4, fs) e D{3, fa) 

72(S)74(E) 72(S')73(E) 



73 (E) _ 72 (E) „ 72 (E) 

[S,72(E)]74(E) 72(S)74(E) 72(S)73(E) 


_L 

firipTF ■ 
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Since representations f^/(fs + /*), * = 3, 4 are monoadditive, 


lim 


f 


= lim 


f 


= 0 . 


fs + f ^ fs + f 

Hence there is the following commutative square of monomorphisms 

lim e 


lim 

™ 72(S)74(F) 


F(3, f^) 

72(S)73(F) 


^m 


1'2(F) 

72(S)74(F) 


^m 


72 (F) 

72(S)73(F)- 


The middle horizontal exact sequence implies the following exact sequence of limits: 

72(i^) , 12{F) 


1 


lim 


lim 


lim 


[i?, 72(^’)]74(^') ^ 72(S')74(-F) ^ l2{S)-iz{F) 

Since the right hand map is a monomorphism, the stated claim follows. □ 
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